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Abstract. The low-temperature behaviour of the thermodynamic quantities in the one-
dimensional 1D antiferromagnet with a Haldane pround state was analysed using a concept
of non-interacting quasiparticles as a starting point. The proposed description appeared to
be in good agreement with the results of the Monte Carlo study of a 128-site spin chain
and experimental data obtained in Nenp (Ni(CaHgN2)2NQ2ClOy4) provided that the elementary
excitations constituting the Haldane triplet obey Fermi statistics.

The problem of finding an exact quantum-mechanical solution for the ground state (GS) and
elementary excitations from it for a nearly isotropic Heisenberg antiferromagnet has always
been one of the key points in magnetism. Unfortunately, an explicit analytical solution is
obtained only for 2 few particular Hamiltonians. However, starting from the semiclassical
approach, one obtains an ingenious and powerful tool—the spin-wave theory. This gives
a consistent description of the spin system in terms of series in 1/S as long as the latter
converge. This is usually the case for a three-dimensional lattice, but at lower dimension
divergencies of the terms accounting for the zero-point spin motion appear in the series,
implying non-validity of the N’eel Gs. In the seemingly simple but most essential case of
the one-dimensional 1D antiferromagnet the breakthrough arrived ten years ago with the
works of Haldane [i]. Considering a weakly anisotropic Heisenberg Hamiltonian

H=J Y {8+ St + ASISI -+ DY (87 (1)

in the long-wavelength semiclassical (S » 1) limit he found it t© be equivalent to the
O(3) non-linear o model (which is known fo be renormalizable in the quantum limit)
provided the appropriate representation. The mapping established in this way, or more
exactly, the result of the renormalization of the comresponding o model, appeared to be
crucially dependent on the parity of the spin value S in the chain. The most striking result
was found in the case of integer §: in a finite range of the anisotropies the GS appears
tc be non-degenerate with no static and an exponential decay of dynamic correlations,
{S5€0)S2(t)) ~ [(—1)"/In|"?le*I"l. The collective modes, initially Goldstone bosons,
acquire a dynamically generated gap Ay ~e ™S at ¢ = m.
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The work of Haldane stimulated a number of studies aimed at obtaining further insight
into the new physics discovered in the 1D antiferromagnetic chain of integer spins. It is also
the subject of the present paper. One distinguishes three general trends of study: analytical
description of the energy spectrum of the Hamiltonian (1) and iis field dependences by
the virtue of mapping on the solvable field-theoretical models [2, 3], experiments on the
Ni{CyHgN» 12 NQ,ClQ, (MENP) crystal, the magnetic system of which was proved to consist
of almost non-interacting chains of Ni** (S = 1) spins coupled with the antiferromagnetic
in-chain exchange {4, 5], and numerical simulations on finite chains [6-8]. The aim of the
present work is not to continue in one of these directions but to calculate the free energy and
other thermodynamic quantities for the Haldane S = 1 spin chain, relying upon the existent
knowledge on its energy spectrum [3-8). Comparison of their temperature dependences
with the results of the new Monte Carlo simulations and measurements in NENP would then
suggest a choice of the statistics of the excitations involved in the Haldane triplet.

Thus we consider a spin chain with the Hamiltonian (1), S =1, A =0and D &« J.
Making the numerical estimates we will use the values J = 46 K and D == 0,16 J found in
NENP [4, 5] (neglecting the weak orthorhombic anisotropy). In fact, it is a rather arbitrary
choice in the D/J region that corresponds to the Haldane phase {7]. To proceed we will
use a phenomenological description of the spectrum, not meeting the challenge 10 develop
an analytical approach to its diagonalization.

It is convenient to start from the isotropic Heisenberg Hamilionian as a zero
approximation and treat the anisotropy perturbatively, as suggested by Affleck [2]. So in
zeroth order the total spin Si and its component S7,, are conserved. The essential assumption
to make here is that together with the wavevector g they constitute a full set of good quantum
numbers to classify the energy eigenstates. This, in particular, means that we will use the
concept of non-interacting quasiparticles to describe the excited states of the systemn. Thus,
following Haldane, we have the classification: [GS} = {Sigx = 0,4 = 0} = [0)—the only
non-degenerate S cigenstate; |one-particle excited state) = Sy = 1,8, = a,q} =
jo, g}—degenerate at all ¢ in ¢ = 0, +1; etc. The triplet is separated from the GS by the
energy gap £(q) = Ey 4 — Egs, min{e(q)} = &(7) = Ay.

The perturbation V4 = DY ,(S7)* commutes with SZ, leaving it (but not Si) the
integral of the motion. In the first order it leads to three principal consequences:

(i) shift of the GS energy E:
D
AEL = (O[Val0) = = E(OID Z (SN0} = =NZSE+1) @)

(ii) change of the GS by admixing to it 8%, = 0 components of the wiplet and states
with larger §:

{0, g|V4]0
jos)" = 10>+}:|0> B+ s> 1 )

making use of (&1, g[Val0) = £(1, g|[Va, SI0) = 0;
(iii} lifting of the triplet degeneracy at each g:
AEg, = {0,qIVal0, q) = bo(g)

A
AE“’ = (£1,¢IVal £ 1,q) = 8:(¢) @
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(again using the commutation of V4 with Sy, and with the Z° operator of z-axis inversion
to show 8.(q) = 6-(q) = 8=(¢)).

It shoutld be mentioned that the average shift of the excited triplet is

L AR wy ! P 2 _nP
3(AE +20E) =3 Eyj 35, qID ;(S{) leq) ) = N 5@+ 1) )

equal to AESS’, so the total energy-level picture acquires a macroscopic shift (2). (5). The

gaps of the split triplet then satisfy

1
3 26l @) =) = (@)
21
(®)
1
§(Ao + 2A.) = Ay.

N?t going into the higher orders of perturbation, hereafter we will omit the upper index in
&4 (q).

In support of the picture developed above we refer to the Monte Carlo (MC) simulations
and inelastic neutron scattering (INS) studies in NENP. Both of these confirm the Haldane
claim for a singlet ground state and reveal three well defined branches of magnetic
excitations. They are scen as the sharp peaks in the spectral function §%(g, @) (Fourier-
transformed spin—spin correlator) in the broad neighbourhood of the antiferromagnetic point
q = n where they exhibit magnon-like dispersion

ea(g) = / AZ + C2sin® g*
C~19J/3E+1) €

g-=m—q.

The Haldane gap equal to Ay is split by the anisotropy D/J = 0.16 into Ag = 0.62 ]
and Ay = 0.31 J (figure 1). However, as the point g = O is approached, peaks broaden
and weaken, becoming undetectable by INS for ¢ < 0.37 [5]. MC simulations [7] seem
to support the treatment of the excitations at 4 ~ 0 as being composed of pairs of
counterpropagating quasiparticles with ¢ ~ & giving rise to the continuum of energies
in the spectrum. This multiparticle continuum is therefore separated from the ground state
by the gap £6(0) = 2 minf{A,}. Generally speaking, it clearly manifests the failure of the
above description in terms of the quantum numbers Six = 1, §%, = ¢ and ¢. Hence, it
cannot be applied to the system in the whole range of energies. In fact, it is the usual
situation in condensed-matter physics when only a weakly excited state of the system can
be treated in terms of well defined quasiparticles. This simply limits the validity of such
treatment to the low-temperature region where the ‘wrong’ states are not excited.

Now the point is to evaluate the statistical sum Z = Sp{exp(—H/T)} = exp(—Fn/T)
over the three bands of non-interacting quasiparticles (7). Doing this we can restrict the
summation to the energies £ < £g(0) implying the results to be valid at T < Ay, Actually,
this is a routine procedure reievant to that used by Landau to calculate the thermodynamic
quantities in the superfluid He*. The difference is that in our case we do not posses ab initio
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Figure 1. Spectral density of the excited states p7(s) measured in a Monte Carlo numerical

experiment for a 128-site closed chain at T = J/16. The hatched region corresponds to the

effective width of the observed pg () peaks. Solid lines are drawn using (7). Dots are the sing
law,

knowledge on the statistics of the excitations}. The result for the temperature-dependent
part of the free energy is well known

Fo=FT ) ) In{l £expl~£a()/T]) @)
@ g

where we retain the upper sign for the case of the fermion gquasiparticles and the lower one
for the bosons. Hereafter using the basic relations of thermodynamics one easily obtains
the magnetization M = —3 F, /0. H (H is the external magnetic field to be included in the
Hamiltonian) and the magnetic specific heat Co = —8%Fp/8T?. Transforming the sum into
the integral one has for the latter (per spin)

e2(g) expl—eq(g)/T]
c = f x @ . ©)
=2 | T Trepe@iT ¥
Due to the above restriction in energy one can [imit the integration to the close vicinity
of the 1D Brillouin-zone centre j¢*] < 0.17. In the limit T « A, the Boltzman statistics

is naturally recovered. Making the appropriate expansicns we easily obtain the analytical
estimates for the integrals (8), (9)

Fono —(T/O)V . V2rT Ay exp(— AL/ T)

T/A, 1. (10
Con 2 —~(1/ OV NZR T A (A2 T + T/ A) exp(— Ay /T)
Being at the moment unable to extract C,; from the MC simulations we can compare

the obtained resuits only with the experimental data available [9]). Unfortunately, due
to the unknown lattice contribution the latter have been accurately defined only at low

{ For instance, in the continuum limit Hamiltonian (1) can be mapped either on the bosonic or fermionic held

[2, 3). in any case, in one dimension at T = 0 the question of the statistics is merely a matter of choice of the
variables and convenience of the treatment.
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temperatures. As is shown by figure 2, in this region numerical integration of (9) gives the
same results for both statistical models. At T < 0.1J they are also well reproduced by the
expression (10). At higher temperature curve (10) goes below the Fermi one (instead of
being in between it and the Bose one) due to the failure of the expansions used to obtain it
from the Boltzman {imit of (9).

0.5 -
3 Fermions -
i — — Bosons 1
] ---- Expression (10 .
0.4 JHod0e M:;g.sured in N!ENP e
=
= B
% E
0,3 4
3
o 3
S
E 0.2 —
©
a.1 —
2.0 ]
0.0

Figure 2. Magnetic heat capacity calculated with (9), (10) and measured in NEnp, Experimental
points are taken from {9).

It is more interesting to proceed with the susceptibility: for this we can compare our
description with the MC results and measurements in NENP up to T ~ A. where the
difference between the predictions of different statistical models is quite pronounced. At
this point we need to introduce the field dependences in the excitation spectra. These are
caused by the addition of the term Vz = H 3, S; to the Hamiltonian. In fact, if the
field is applied along the z axis it is quite simple: since we associate the quasiparticles
with the eigenstates of S, the magnetic field will simply intreduce the Zeeman splitting
ex{g, H) = ex{q):H, g9(q, H) = go(q). As was also pointed out by Affleck [2] this result
is exact in the framework of the description adopted. Introducing these field dependences
into {8) and taking the derivatives we obtain the susceptibility (per spin)

= Ef expi—£+(g)/T] _dg. | an
TJ {I£expl-c:(q)/T]}

In the Boltzman limit we obtain the same estimate x* = (2/C)/2nT Az exp(—A4/T) as

reported in {2] (correcting minor arithmetical errors made there).

If the field is along, say, the x axis, the total perturbation V = V4 -+ Vz is no longer
diagonal in the S, representation and the degeneracy of the triplet is lifted completely.
Working out the first-order corrections (given by the eigenvalues of the 3 x 3 matrix
(o', glD Y (8 — HSE |a, g)) and using {4)~(6) we have for the two gaps

- 2
oa(q, Hy = DO 2@ \/(M) . -

2 2

The third gap equal to £.(g) is field independent. In the long-wavelength limit these
expressions coincide with those derived by Tzvelick [3] up to the terms ~ Of(g*)*] +
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Ol{g")* (Ao — Ax)?/ALL At g* = O the coincidence is exact (this is easily seen after the
multipication of (12) by itself). Thus the ficld dependences A, (H) given by (12) are in a
surprisingly good agreement with those obtained in MC {8} and INS [4] experiments even
extrapolated to high fields (the critical field H, = ./ApAL is a natural limit of the validity
of the perturbative treatment). Using the above field dependences one obtains for x*-¥

x*-y=3 f [ expl—es(g)/T]  expl—eo(g)/T] ]
T J [ 1£expl—ex(g)/T] 1xexp[—eal(g)/T)

dg
X expl—c0(q)/ T] — expl—£2(g)/ T]

which coincides with (11) in the isotropic (Ap = AL) limit,

To check whether the description within the concept of non-interacting quasiparticles
(7), (8) is relevant to our system (1), a numerical experiment using the world-line MC
approach was performed (for a detailed description see [7]). This allows us to study a chain
of 128 spins that is much longer than the correlatlon length in the Haldane state. The static
susceptibility was extracted at T/J = 1, 1, 1 and 5. The error bars of the ‘measurement’
were estimated to be less than 5 x 1073 (in the scale of figure 3(a)). This gives a relative
inaccuracy of less than 5%. An exception is the value at T = J/16 where this inaccuracy
is almost five times higher.

In figure 3{a) we present the MC points for y together with the resuits of the numerical
integration of expressions (11), (13). We obtain an excellent agreement of our description
with the MC experiment assuming that the elementary excitations are fermions. This
conclusion receives further confirmation when we compare our results with the molar
suscepiibility measured in NENP, figure 3(b) (we have to multiply the values calculated
with (11), (13) by Na(geus)?, where N, is Avogadro’s number, pp Bohr’s magneton and
g the g factor corresponding to the field direction). Principal is the excellent coincidence
of the results given by the model with non-interacting fermions for y* with those of MC and
direct measurements in Ni(CyHaN;)aNO2ClQ, in the whole region of the validity of the
description used, T < A:. The minor discrepancy between the calculated and measured
x*©¥ mainly originates from the temperature-independent part of the free energy that was
omitted in (8). This corresponds to the GS susceptibility caused by the anisotropy D. In
the perturbative treatment it arises from the fourth-order cormrection to the GS energy

(13)

g sz [{0]VAl0, ¢} ~ 22 D?

fos = BED Y
, \ (14)
X" (0) ~ % ~ 2! (%)
H

(here x = (4J8)71, in NENP x% =~ 9.1 x 1073 CGS mol™!). The coefficient 2 in the
last approximate equality arises from the comparison of (14} with the experimental value
X*YT = 0) = 5 x 107> CGS mol~! measured in NENP. This temperature-independent
contribution {14) should be added to x* from (13).

In conclusion, the problem of the statistics of the excitations, being simply a matter
of choice of the variables at T = Q in 1D, acquires physical importance as one tries fo
extend the description to higher temperatures. Thus we show that the low-temperature
properties of the 1D Heisenberg antiferromagnet (1) found in MC experiment and measured
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Figure 3. (g} Susceptibility per spin calculated with our model for both statistics together
with that extracted from McC experiment. (b) Comparison of the same calculation for the
molar susceptibility with our measurements in Nexp for Az and A in an arbitrary direction

perpendicular to z,

in NENP can be described in terms of the elementary excitations (7) constituting the non-
interacting Fermi gas of quasiparticles. This does not exclude the possibility that a theory
including the Bose excitations can be developed, but implies that in such a theory the
strong interparticle interaction has to be considered. Our conclusion gives further support
to analytical approaches involving the fermionization of the Hamiltonian (1). In addition,
such treatment can provide a plausible physical picture for the Haldane ground state and

fermionic excitations from it as a spin-zero defect [10].

‘We would like to thank J P Boucher for stimulating discussions, and D Khveshchenko and
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